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Abstract We investigate the linear amplitude of mass fluctuations in the uni- 
verse, CTgj and the present mass density parameter of the Universe, fim, from the 
statistical strong gravitational lensing. We use the two populations of lens halos 
model with fixed cooling mass scale = 3 x 10^^h~-^ Mq to match the observed 
lensing probabilities, and leave erg or Qra as a free parameter to be constrained by 
data. Another varying parameter is the equation of state of dark energy uj, and 
its typical values of —1, —2/3, —1/2 and —1/3 are investigated. We find that as 
is degenerate with fl^ in a way similar to that suggested by present day cluster 
abundance as well as cosmic shear lensing measurements: os^m^ ~ 0.33 (Bahcall 
& Bode l^nnSl and references therein). However, both erg < 0.7 and f^m < 0.2 can 
be safely ruled out, the best value is when erg = 1.0, 0^ = 0.3 and oj — —1. 
This result is different from that obtained by Bahcall & Bode H2003|l . who gives 
erg = 0.98 ± 0.1 and f7„ = 0.17 ± 0.05. For erg 1.0, higher value of fl,^ = 0.35 
requires ui = —2/3 and fim — 0.40 requires uj — —1/2. 
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1 INTRODUCTION 

The amplitude of mass fluctuations, denoted as erg when referring to the rms linear density 
fluctuation in spheres of radius 8/i^^Mpc at z = 0, is a fundamental cosmological parameter 
that describes the normalization of the linear spectrum of mass fluctuations in the early uni- 
verse. Assuming Gaussian initial fluctuations, the evolution of structure in the universe depends 
exponentially on this parameter (for an excellent review see Bahcall & Bode 12003 • 

Recent observations suggest an amplitude that ranges in value from erg ~ 0.7 to a high 
value of erg ~ 1.1. The low amplitude values of erg ~ 0.7 are suggested by current observations 
of the cosmic microwave background (CMB) spectrum of fluctuations (Netterfield et al. 120021 
Sievers et al. 120031 Bond et al. 120021 Ruhl et al. 12003(1 and by recent observations of the 
present cluster abundance as well as cosmic shear lensing measurements (Jarvis et al. 120031 
Hamana et al. 120031 Seliak 1200211 . However, these determinations of erg are degenerate with 
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other parameters like mass density parameter The evolution of cluster abundance with 
time, especially for the most massive clusters, breaks the degeneracy between ag and fi^ (e-g-, 
Peebles, Daly & JuszkiewiczES^ Eke, Cole & FrenkD^TO Oukbir & Blanchard lTWI Bahcall, 
Fan & Cen lTWTI Carlberg et al. 1997: Bahcall & Fan[l998, Donahue & Voit 1999; Henry IHnnjl . 
This evolution depends strongly on erg, and only weakly on or other parameters. Bahcall & 
Bode (120031) used the abundance of the most massive clusters observed at z ~ 0.5 — 0.8 to place 
a strong limit on ag and found that as — 0.98±0.1, flm = 0.17±0.05, and low erg values 0.7) 
are unlikely. In the model of one population of halos (Navarro-Frenk- White, NFW) combined 
with each galactic halo a central point mass, the lensing probabilities are shown to be sensitive 
to (Tg (chen 2003a, hereafter, paper I). 

In this paper, we use the model of the two populations of lens halos to calculate the lensing 
probabilities in flat quintessence cold dark matter (QCDM) cosmology with different cosmic 
equations of state oj (Chen E^003bt hereafter, paper II), leaving dg and as free parameters to 
be constrained from the Jodrell-Bank VLA Astrometric Survey (JVAS) and the Cosmic Lens 
All-Sky Survey (CLASS; Browne et al. lMKH Helbig lMTHI Browne et aL lSOTHI Myers et al. l2002() . 

2 LENSING PROBABILITIES 

When the quasars at the mean redshift < >= 1-27 are lensed by foreground CDM halos of 
galaxies and clusters of galaxies, the lensing probability with image separations larger than A6 
and flux density ratio less than q,- is (Schneider et al. 11992(1 



where -Dl(^) is the proper distance from the observer to the lens located at redshift z. And 
n{M, z) is the physical number density of virialized dark halos of masses between M and 
M + dM at redshift z given by Jenkins et al. H2001|l . The cross section (t(M, z) is mass and 
redshift dependent, and is sensitive to flux density ratio of multiple images for SIS halos. 



where {}{x) is a step function, and Mmin is the minimum mass of halos above which lenses 
can produce images with separations greater than AO. It is shown (in paper II) that the con- 
tributions from galactic central supermassive black holes can be ignored when q^ < 10, so 
the lensing equation for SIS halos is simply y — x — \x\/x, where x = \x\ and y — |y|, 
which are related to the position vector in the lens plane and source plane as ^ = x^q and 
V — yVo^ respectively. The length scales in the lens plane and the source plane are defined to be 
^0 = 47r((Tt,/c)^(Z?L^Ls)/^s Vo = £,oD^/D^- Since the surface mass density is circularly 
symmetric, we can extend both x and y to their opposite values in our actual calculations for 
convenience. From the lensing equation, an image separation for any y can be expressed as 
A6{y) = ^o^x{y) / , where Ax{y) is the image separation in lens plane for a given y. So 
in Eq.(|2J), the source position y^g, at which a lens produces the image separation A0, is the 
reverse of this expression. And A9q = A9{0) is the separation of the two images which are just 
on the Einstein ring; A6y^^ = A9{ycr) is the upper-limit of the separation above which the flux 
ratio of the two images will be greater than q^-. Note that since Mdm is related to A6 through 
^0 and cr^ = GAfoM/Srvir, we can formally write A/dm = My)m{A9(jj)) and determine M^-m 
for galaxy-size lenses by M^in = A^DM(A6'(ycr))- 

According to the model of two populations of halos, cluster-size halos are modeled as NFW 
profile: /Onfw = Ps''s/[^(^ + ''s)^] , where ps and Tg are constants. We can define the mass of 




(1) 




for A9 < A9o; 

for A9o <A0< A9, 

for A6I > A6iy„, 
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a halo to be the mass within the virial radius of the halo r^ii- : = 47rpsrg /(ci), where 

/(ci) = ln(l + ci) - ci/(l + ci), and ci = r^/r, = 9(1 + z)-\M/1.5 x lO^^h-^ Mq)-°-^^ is 
the concentration parameter, for which we have used the fitting formula given by Bullock et al. 
(I200_l ). The lensing equation for NFW lenses is as usual y = x — Hsgix) jx (Li & Ostriker 2002|, 
where y = |y|, = yD^ / is the position vector in the source plane, in which and are 
angular-diameter distances from the observer to the source and to the lens respectively, x = \x\ 
and X — ^/vs, ^ is the position vector in the lens plane. The parameter fis = 4ps?'s/Scr is x 
independent, in which Ecr = {(?/ 4,1x0) {Dg / D^D^^) is critical surface mass density, with c the 
speed of light, G the gravitational constant and Z^ls angular-diameter distance from the 
lens to the source. The function g{x) has a analytical expression originally given by Bartelmann 
{1996). The cross section for the cluster-size NFW lenses is well studied (Li & Ostriker 2002). 
The lensing equation \s y = x — fj,sgix)/x, and the multiple images can be produced only if 
\y\ ^ ?/cr, where j/cr is the maximum value of y when x < 0, which is determined by dy/dx — 0, 
and the cross section in the lens plane is simply a{M, z) = wy'^^r'^. 

As for the magnification bias B{M, z), we use the result given by Li & Ostriker H2(Jl)2|l for 
NFW lenses. For singular isothermal sphere (SIS) model, the magnification bias is i?sis ~ 4.76. 

We consider In this paper the spatially flat QCDM cosmology models. The density pa- 
rameter fiin ranges from 0.2 to 0.4 as suggested by all kinds of measurements (e.g., Peebles 
& Ratra ,2QQ3: and the references therein). We investigate the varying parameter tJg within its 
entire observational range from 0.7 to 1.1 (e.g., Bahcall & Bode l2005|l . The Hubble parameter is 
h = 0.75. Three negative values of uj in equation of state pq = wpq, with w = — 1 (cosmological 
constant), uj = —2/3, uj = —1/2 and uj = —1/3 are investigated. We use the conventional form 
to express the redshift z dependent linear power spectrum for the matter density perturbation 
and the linear growth suppression factor of the density field in QCDM cosmology established 
by Ma et al. H1999|l . which are needed in Eq. 

3 DISCUSSION AND CONCLUSIONS 

Since the lensing rate is sensitive to the source redshift Zg, results can be affected considerably 
by including the redshift distribution into calculations (e.g., Sarbu, Rusin & Ma l2001|l . However, 
since its distribution in the JVAS/CLASS survey is still poorly understood, we use the estimated 
mean value of < z^ 1.27 (Marlow et al. HUM Chae et al. IMT^ Oeuri HUU^ Huterer & 
Ma mm Paper I). 

For comparison, we plot in Fig. ^ the lensing probability versus image separation angle 
for each set of parameters of cosmology and lens halo models with the same values as those 
taken in the right panel of Fig. 1 in paper I, except the mean value of the redshift of quasars 
< Zs >, the amplitude of mass fluctuations erg and the mass density parameter Cl^. This is 
a model of one population of halos (NFW) combined with each galactic halo a central point 
mass (Mcff). Other than a higher value of < Zg >= 1.5 used in paper I, we use an estimated 
value of < Zg >= 1.27 in this paper. We use a slightly higher value of (Tg = 1-0 (while in paper 
I, this value is erg = 0.95). The histogram represents the results of JVAS/CLASS; the solid, 
dash-dotted, dashed and dotted lines (from top downwards) stand for, respectively, the matched 
values of the pair {q^, Meg/M.) (M, is a galactic central black hole mass) of (10, 200), (100, 100), 
(1000, 50) and (10000, 30). Five values of Sim ranging from 0.2 to 0.4 (as explicitly indicated in 
each panel) are chosen to see its effect on lensing probabilities. We find that lensing probability 
is sensitive to f^m, however, the best fit parameters are only when uj — ~1 and Sim = 0.4, which 
is different from the result given in paper I. The reason is that the lensing probabilities are 
quite sensitive to the mean redshift of quasars < Zg > , the higher redshift will produce a larger 
value of lensing probability. This means that the NFW-|-point-mass model for galaxy size lens 
halos indeed reduces the probabilities considerably when small image flux density ratio is taken 
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into account, which can be confirmed when compared with the SIS model and the discussion 
below. 

As just mentioned, when we use NFW+point-mass to model galaxy size lens halos, the 
predicted lensing probabilities can match observations only when a higher value of < Zg > 
is used. We pointed out in paper II that a two populations of lens halos model with mass 
distributions NFW (Mdm > Mc) and SIS (Mdm < Mc), can match observations better, even 
when a reasonable lower value of < Zs > and Mc are used. We chose the cooling mass scale to 
be Mc = 3.0 X lO^^/i~^A/0 in this paper rather than Mc = 5.0 x IQ^^H'^Mq used in paper I. 

So it would be interesting to investigate both the f2ni and erg dependent lensing probability 
with the combined SIS and NFW model. In each panel of fig. [3 the parameters are: = 10, 
(T8 = 1.0. And takes five values as in fig. ^ (as explicitly indicated). We find that, lensing 
probability is also sensitive to fim, and clealy, fim = 0.2 can be safely ruled out. For w = — 1 
(cosmological constant), the best fit value of mass density parameter is ilm — 0.3. This result 
is different from those obtained with other methods (see Bahcall & Bode l^UUSjl . Higher value 
of ilni = 0.35 requires u = —2/3 and = 0.40 requires uu = —1/2. 

Our model prefers a higher value of Jim > 0.3. In Fig.|21 we have already used higher values 
of (78 {— 1.0) and Mc {= 3.0 x 10^'^ /i~^Mq). Lower values of fim require more higher values of 
these two parameters, which would be out of the range suggested by other measurements. In 
order to see the effect of trg on lensing probability, we thus fix the value of Jlni to be 0.3 and 
0.35, respectively, and vary erg from 0.7 to 1.1 in each case. The results are shown in Fig. |31 
and Fig. 0] We find that, when f2m = 0.3, lensing probabilities are only slightly sensitive to cg 
at small image separations (0.3" < AO < 3"), where JVAS/CLASS survey has a well-defined 
sample suitable for analysis of the lens statistics. The lensing probabilities are sensitive to erg at 
larger image separations, but no sample suitable for analysis exists in this range. While ug < 0.7 
seems unlikely, all the values in the range 0.8 < erg < 1.1 are possible. For a larger value of 
51,„ = 0.35, as shown in Fig.01 the lensing probabilities are more sensitive to erg than in Fig.|3| 
In this case, even erg = 0.7 is acceptable (it predicts 12.5 lenses with image separation > 0.3", 
while the observed value is 13), and CTg ~ 1.1 matches a value of equation of state of dark energy 
to he u! — —2/3. 

Note that Chae et al. H2002|l reported the main results on cosmological parameters (matter 
density Om and equation of state for dark energy cu) from a likelihood analysis of lens statis- 
tics, they gave il^n = 0.3lto;i4 and to — 0.55j;Q both at 68% confidence level. Our results, 
although not precise, are in agreement with theirs. However, Since Chae et al. H2()()2|l used the 
Schechter luminosity function rather than Press-Schechter mass function to account for the 
mass distribution, they didn't refer to trg. Precise results using the same model of this paper 
from a likelihood analysis will be presented in another paper. 
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Fig. 1 Predicted lensing probability with image separations > lS.9 and flux density 
ratios < in ACDM cosmology. The cluster-size lens halos are modelled by the NFW 
profile, and galaxy-size lens halos by NFW+BULGE. Instead of SIS, we treat the 
bulge as a point mass, its value M^s is so selected for each <7r that the predicted lensing 
probability can match the results of JVAS/CLASS represented by histogram. In each 
panel, the solid, dash-dotted, dashed and dotted lines (from top downwards) stand 
for, respectively, the matched values of the pair (^r, Mcti/M,) {M, is a galactic central 
black hole mass) of (10, 200), (100, 100), (1000, 50) and (10000, 30). < >= 1.27 and 
cTg = 1.0 for all panels here, and from left to right, is 0.2, 0.25, 0.3, 0.35 and 0.4, 
respectively 
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Fig. 2 The; integral Icnsing probabilities with image separations larger than A9 and 
flux density ratio less than q^, for quasars at mean redshift < Zg >= 1.27 lensed 
by NFW (Mdm > M^) and SIS {Mum < M^) hales. In each panel, = 10.0 and 
as — 1-0, and from left to right, is 0.2, 0.25, 0.3, 0.35 and 0.4, respectively. The 
solid, dashed, dash-dotted and dotted lines stand for iv = —1, -2/3, -1/2 and -1/3, 
respectively. 
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Fig. 3 Same as Fig. 2, except the value of a^- the value of which, from left to right, 
is 0.7, 0.8, 0.9, 1.0 and 1.1, respectively. In each panel, f2„i = 0.3. 
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Fig. 4 Same as Fig. 3, except tliat Om = 0.35. 



